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Abstract
We prove a Frobenius theorem for Banach distributions on man-
ifolds that are modelled over locally convex spaces. Moreover, we
recall how Frobenius theorems can be applied to infinite-dimensional
Lie groups and obtain, that given a Lie subalgebra of the Lie alge-
bra of a Lie group that is modelled over a locally convex space that
admits an exponential map, the Lie subalgebra is integrable if it is
complemented as a topological vector space and a Banach space with
the induced topology.
Jan Milan Eyni, Universität Paderborn, Institut für Mathematik, Warburger Str.
100, 33098 Paderborn, Germany; janme@math.upb.de
Introduction
The Frobenius theorem for finite-dimensional manifolds is a classical result of differential
geometry. Furthermore the case of Banach manifolds and its applications to Banach Lie
groups are well known, and presented for instance in [10, Chapter 1]. However, there are
interesting groups that are not Banach Lie groups. For example, it is known that the
diffeomorphism group of a compact finite-dimensional manifold is a Lie group modelled
over a locally convex space but not a Banach Lie group. To explain what a manifold
modelled over a locally convex space is one has to define a differential calculus on locally
convex spaces. There are different approaches for such a differential calculus. One popular
approach is the convenient calculus of Frölicher, Kriegl and Michor ([9]). In this context a
global function f : E Ñ F is called convenient smooth if for all smooth curves γ : R Ñ E
the curve f ˝ γ : R Ñ F is smooth. Another popular approach to Ck-maps used in this
article, is Keller’s Ckc -theory, as popularized in [7].
Definition A. If E and F are locally convex spaces and U Ă E is open, then a continuous
map f : U Ñ F is called a C1-map (respectively of class C1) if the directional derivative
lim
hÑ0
fpp` hvq ´ fppq
h
“: dfpp, vq
exists for all p P U and v P E and the function df : U ˆ E Ñ F, pp, vq ÞÑ dfpp, vq is
continuous. Moreover, given r P N the function f is called a Cr-map (respectively of class
Cr) if f is a C1-map and df is a Cr´1-map.
Now it is clear what a manifold modelled over a locally convex space should be. We
simply use the finite-dimensional definition with locally convex spaces instead of finite-
dimensional spaces and the Ck-differential calculus just described instead of the finite-
dimensional one. A Lie group modelled over a locally convex space is a group that is a
manifold modelled over a locally convex space such that the group operations are smooth.
For more details the reader may consider for example [7] or [8]. There is also a compre-
hensive book about infinite-dimensional Lie groups in preparation with [3].
In 2006 Neeb stated the following problem in [8]:
Problem B. Let G be a regular Lie group. Is every closed Lie subalgebra h Ď LpGq with
finite codimension integrable?
Glöckner proposed in [5] that generalisations of the Frobenius theorems to manifolds
that are modelled over locally convex spaces can be used to solve this problem.
Hiltunen showed in [2] that certain co-Banach distributions for manifolds that are
modelled over locally convex spaces in the sense of Fröhlicher-Bucher differential calculus,
are locally integrable. This means that given a point in the manifold we find an immersed
submanifold containing the point whose tangent spaces are exactly the fibres of the given
distribution. This immersed submanifolds are called integral manifolds of the distribution.
In [1], we not only used the methods from [2] to obtain a similar result in the setting of
Keller’s Ckc -theory, but it we also constructed a foliation of the manifold consisting of
maximal integral manifolds. These maximal integral manifolds and their local parametri-
sations by certain charts are actually necessary to solve Problem B. This was done in [1,
Chapter 4]. There, methods from [10, Chapter 1] for the case of Banach Lie groups were
generalised to the case of Lie groups modelled over locally convex spaces. Also it was
possible to correct a certain inaccuracy of Lang in [10, 7, Chapter VI. Lemma 5.3] with
the help of Glöckner.
In 2001, Teichmann showed a Frobenius theorem for finite-dimensional distributions
on manifolds that are modelled on locally convex spaces in the convenient sense. It was
possible to obtain the analogous result in the author’s master’s thesis [1] in the context of
manifolds that are modelled over locally convex spaces in the sense of Keller’s Ckc -Theory.
Moreover, by using the methods from [1, Chapter 4] we showed that if the Lie group G in
question has an exponential map, then every finite-dimensional Lie subalgebra h Ď LpGq
is integrable.
Now, it is a natural question to ask if every Lie subalgebra h Ď LpGq that is comple-
mented as a topological vector subspace and is a Banach space with the induced topology
is integrable as well. The answer is yes. In this article we will prove the following theorem.
Theorem C. Let G be a Lie group modelled over a locally convex space and h Ď LpGq
be a Lie subalgebra that is complemented as a topological vector subspace and is a Banach
space. If G admits an exponential map, then we can find a Lie group H that is a subgroup
of G and an immersed submanifold of G such that LpHq “ h.
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The main work will be to show a Frobenius theorem for Banach distributions for
manifolds that are modelled over locally convex spaces.
The structure of the article is as follow. In Section 1 we recall constructions for
distributions on infinite-dimensional manifolds. These results were already stated in [1].
They are mainly easy generalisations of the well known finite-dimensional case from [13].
Nevertheless, these constructions are recalled for the convenience of the reader.
The heart of the article, which contains the new results, is Section 2. Here, we show a
Frobenius theorem for certain Banach distributions on manifolds that are modelled over
locally convex spaces. Besides new arguments we use methods from the case where the
distribution in question is finite-dimensional ([12] respectively [1]). Also, we use methods
developed in [11], where Chillingwoth and Stefan work with singular distributions on
Banach manifolds. The following theorem (details of which will be explained later) will
be obtained there.
Theorem D. Let M be a Cr-manifold modelled over a locally convex space E with r ě 2
and F be a complemented subspace of E such that F is a Banach space and D be an
involutiv subbundle of TM with typical fibre F . If for p0 P M there exists an open p0-
neighbourhood U Ď M and a Cr´1-vector field X : U ˆ F Ñ TU with parameters in F
such that
1. the map Xˇ : F Ñ VpUq, v ÞÑ Xp‚, vq is linear,
2. we have impXq Ď D,
3. the map Xpp0, ‚q|
Dp0 : F Ñ Dp0 is an isomorphism of topological vector spaces and
4. the vector field X provides a local flow with parameters,
then D is a Frobenius distribution.
In Theorem D, we have to assume that the vector field admits a local flow, because this
is not automatic for initial value problems in locally convex spaces. Indeed, it is possible
to find linear initial value problems in locally convex spaces that have several solutions,
or no solution at all.
In Section 3, we recall the constructions from [1] that we used to solve the Problem B.
The only thing that is new in this section is Theorem 3.1 and its proof. In [1], we generalised
the results of [10, Chapter 1] from the case of Banach Lie groups to Lie groups that are
modelled over locally convex spaces. We recall these results and constructions for the
convenience of the reader.
In the appendix we describe the theory of flows of vector fields on infinite-dimensional
manifolds. As mentioned above, we do not have a solution theory for initial value problems,
so that it is necessary to assume the existence of local flows, to construct the global one.
All results except of the Lemmas A.7 and A.8, that come from [3], are straightforward
generalisations of the case of Banach manifolds, as presented in [10, Chapter 1].
1 Vector distributions of infinite-dimensional
manifolds
The definitions, theorems and proofs of this section were already stated in [1, Chapter 1].
So there are no new results in this section. We only present them for the convenience of
the reader. Also, we mention that the results from [1, Chapter 1] are mainly based on [13,
Chapter 1]. But where Warner only discussed finite-dimensional manifolds, we generalised
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the arguments to infinite-dimensional manifolds modelled over locally convex spaces in the
straightforward way.
Convention. Throughout this section E will be a locally convex space, r P N and M a
Cr-manifold modelled over E.
Definition 1.1. A subset D Ď TM is called vector distribution or just distribution of
M , if for every point p P M the set Dp :“ D X TpM is a subspace of TpM . Important
examples for vector distributions are subbundles of TM .
Definition 1.2. A subset N Ď M is called immersed submanifold of M , if it is a Cr-
manifold modelled over a closed subspace F of E such that the inclusion ιMN : N Ñ M ,
p ÞÑ p is continuous and given p P N we find a chart ϕ : Uϕ Ñ Vϕ of N around p and a
chart ψ : Uψ Ñ Vψ of M around p such that Uϕ Ď Uψ and ψ ˝ ι
M
N ˝ ϕ
´1 “ ιEF |Vϕ .
Definition 1.3. Let F Ď E be a closed subspace of E and D Ď TM be a subbundle of
TM with typical fibre F . A connected immersed submanifold N Ď M is called integral
manifold for D, if TpM “ Dp for every p P N . Given p0 PM , we call an integral manifold
N containing p0 maximal if every other integral manifold L of D that contains p0 is a
subset of N and the inclusion map ι : L ãÑ N , p ÞÑ p is of class Cr.
Remark 1.4. In the situation of Definition 1.3 the maximal integral manifold that con-
tains p0 is obviously unique, whence the “maximal integral manifold” is in fact a largest
one.
Definition 1.5. Let F Ď E be a closed subspace and D Ď TM be a subbundle of TM
with typical fibre F . Assume that F is complemented in E say E “ F ‘H topologically
with vector subspace H of E. A chart ϕ : Uϕ Ñ Vϕ of M is called a Frobenius chart for
D, if there are open sets V1 Ď F and V2 Ď H such that Vϕ “ V1 ˆ V2 and for y P V2 the
submanifold
Sy :“ tϕ
´1px, yq : x P V1u (1)
is an integral manifold of D. If M admits an atlas of Frobenius charts for D, we call D a
Frobenius distribution.
Lemma 1.6. Let F Ď E be a closed subspace of E and D Ď TM be a subbundle of
TM with typical fibre F . Assume that F is complemented in E with topological vector
complement H Ď E. If ϕ : Uϕ Ñ Vϕ is a Frobenius chart where Vϕ “ V1 ˆ V2 with open
sets V1 Ď F and V2 Ď H and L Ď M is an integral manifold for D with L Ď Uϕ, then
there exists a y P V2 such that L Ď Sy for Sy like in (1).
Proof. Let p P L and y :“ pr2 ˝ϕppq. To show L Ď Sy we proof that pr2 ˝ϕ|L is constant.
The integral manifold L is connected, hence it is enough to show dppr2 ˝ϕq|TqLq “ 0 for
all q P L. From TqL “ Dq “ TqSy we conclude dppr2 ˝ϕq|TqL “ dppr2 ˝ϕq|TqSy “ 0.
Lemma 1.7. If F is a complemented subspace of E and N is an immersed submanifold
of M modelled over F , then for each point p0 P N we find a submanifold S of M such
that S contains p0 and is open in N .
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Proof. Let ϕ : Uϕ Ñ Vϕ be a chart of M around p0, with ϕpp0q “ 0E and ψ : Uψ Ñ Vψ a
chart of N around p0 such that Uψ Ď Uϕ and ϕ˝ ι
M
N ˝ψ
´1 “ ιEF |Vψ . Hence ϕ˝ψ
´1 “ ιEF |Vψ
and so
ϕ|Uψ “ ι
E
F |Vψ ˝ ψ. (2)
Let H be the topological vector complement of F in E. We assume that there exists an
open subset V 1ϕ of F and an open subset V
2
ϕ of H such that Vϕ “ V
1
ϕ ˆ V
2
ϕ . With (2) we
conclude ϕpUψq “ Vψ ˆ t0u and get
Uψ “ ϕ
´1pVψ ˆ t0uq. (3)
Moreover (2) leads to Vψ Ď V
1
ϕ and we assume Vψ “ V
1
ϕ . With (3) we conclude S :“
tϕ´1px, 0q : x P V 1ϕ u “ Uψ whence S has the required properties.
Theorem 1.8. Let F be a closed subspace of E and D Ď TM be a subbundle of TM
with typical fibre F . If D is a Frobenius distribution, then given p0 P M there exists a
maximal integral manifold that contains p0. According to Remark 1.4 this maximal integral
manifold is unique.
Proof. Because D is a Frobenius distribution, F is complemented in E with a topological
vector complement H . For each p P M we can find a Frobenius chart φp : Uφp Ñ Vφp “
V
p1q
φp
ˆV
p2q
φp
where V
p1q
φp
is open in F and V
p2q
φp
is open inH and φpppq “ 0. The submanifolds
Sp :“ tφ
´1
p px, 0q : x P V
p1q
φp
u are integral manifolds of D. We now write K for the set of all
points for which we can find a piece wise Cr-curve from p0 to p such that its derivative at
each time lies in D. Given p P K also Sp Ď K. We give K the final topology with respect
to the inclusions ιKSp : Sp ãÑ K for p P K.
We show that every open set U Ď Sp with respect to the induced topology from M is
also open in K. To this end let p P K and U Ď Sp be open. Let q P K be another point
in K. We show that U X Sq is open in Sq.
We assume U X Sq ‰ H. Let p P U X Sq (especially p P Sp). There is an open subset
UM of M with U “ Sp X U
M . The set U2 :“ Sq X U
M is open in Sq and contains p.
We write pU2 X Uφpqp for the connected component of p in U2 X Uφp . Because Sq is an
integral manifold of D, also pU2 X Uφpqp is an integral manifold of D. Using Lemma 1.6,
pU2XUφpqp Ď Uφp and p P U2 we conclude pU2XUφpqp Ď Sp. Hence U2XSp Ě pU2XUφpqp.
And thus U X Sq “ U
M X Sp X Sq “ Sp X U2 Ě pU2 X Uφpqp.
The set UXSq is open in Sq, because Uφp is open inM , U2 is open in Sq and p P SqXU
was arbitrary. We have shown that for each p P K every open set U Ď Sp is also open in
K.
The set
 
pr1 ˝ φp|Sp : p P K
(
is a Cr-atlas for K, because ιKSp is a topological em-
bedding with open image. We make K a Cr-manifold using the corresponding maximal
Cr-atlas.
Because K is path connected, K is also connected. For every p P K we get φp ˝ ι
M
K ˝
pφp|Spq
´1 “ ιEF . This implies that K is an immersed submanifold of M . Since Sp is open
in K for p P K, we get T ιMK pTpKq “ T ι
M
K pTpSpq “ TpSp “ Dp. We conclude that K is an
integral manifold for D.
It remains to show that K is also a maximal integral manifold for D that contains p0.
To this end let L be an integral manifold for D that contains p0 and p P L. Because L is
a connected manifold, we can find a piece wise Cr-curve c : r0, 1s Ñ L with cp0q “ p0 and
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cp1q “ p. We get c1ptq P TcptqL “ Dcptq for t in an interval on which c is of class C
r. Hence
L Ď K.
It remains to show that ιKL is of class C
r. Let p P L. Since L is an immersed
submanifold ofM , we find an open subset S of L that is a submanifold ofM and contains
p. Thus pSXUφpqp contains p, is open in L, and is a submanifold ofM . Therefore pSXUφpqp
is an integral manifold ofD and is contained in Uφp . This implies pSXUφpqp Ď Sp. Because
pS X Uφqp is an open p-neighbourhood in L and contained in Sp, we only need to show
that ιKL |
Sp
pSXUφqp
is a Cr-map. This follows directly from ιKL |
Sp
pSXUφqp
“ idM |
Sp
pSXUφqp
.
The idea to take K as a candidate for the searched maximal integral manifold comes
from [13, Theorem 1.64]. But we modified the proof thatK is actually an integral manifold.
As mentioned above this was already done in [1, Chapter 1].
Definition 1.9. If F is a closed vector subspace of E, we call a subbundle D Ď TM of
TM with typical fibre F involutiv, if for every vector fields X,Y : U Ñ TM on an open
set U ĎM with impXq Ď D and impY q Ď D, also imprX,Y sq Ď D.
Using the idea of the proof from [13, Proposition 1.59] we obtain a proof of the following
Theorem 1.10. As mentioned above this was already done in [1, Chapter 1].
Theorem 1.10. If F is a closed vector subspace of E, D Ď TM is a subbundle of TM
with typical fibre F and given p P M we find an integral manifold N for D with p P N ,
then D is involutiv.
Proof. Let X1 and X2 be vector fields on M with impXiq Ď D for i P t1, 2u. Let p P M .
To see rX1, X2sppq P Dp, let N be an integral manifold for D with p P N . There exists
an open p-neighbourhood U Ď N such that U is a submanifold of M . Since XipUq Ď TU
and TU Ď TM is a submanifold, Xi|U is of class C
r´1 also as a map to TU . Hence
X1|U and X2|U are C
r´1-vector fields on U and so is rX1|U , X2|U s. Let ι : U ÑM be the
inclusion map. Since X1|U : U Ñ TU is ι-related to X1 and X2|U : U Ñ TM is ι-related
to X2 so rX1|U , X2|U s is ι-related to rX1, X2s. Hence rX1, X2sppq “ rX1, X2spιppqq “
T ιprX1|U , X2|U sppqq P T ιpTpUq “ Dp.
Remark 1.11. Let F be a complemented subspace of E with vector complement H and
D Ď TM be a subbundle of TM with typical Fibre F . For a chart φ : U Ñ V1 ˆ V2 of M
and the inclusion ιy : V1 Ñ V1 ˆ V2, x ÞÑ px, yq we get the following equivalences:
φ is a Frobenius chart
ôp@y P V2q S
φ
y “ φ
´1p‚, yqpV1q is an integral manifold for D
ôp@y P V2qp@x P V1q Tφ´1px,yqS
φ
y “ Txpφ
´1 ˝ ιyqptxu ˆ F q “ Dφ´1px,yq
ôp@p P Uφq dφpDpq “ F.
Definition 1.12. We call a Distribution D with typical fibre F of M local Frobenius
distribution, if given p P M we find a chart φ : U Ñ V of M around p with dφpDpq “ F
such that the subbundle Dφ :“ TφpDX TUq of V ˆE with typical fibre F is a Frobenius
distribution. For every subbundle chart ψ of D, the map ψφ :“ ψ ˝ Tφ
´1 is a subbundle
chart for Dφ.
Lemma 1.13. A Distribution D for M is a Frobenius distribution if and only if it is a
local Frobenius distribution.
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Proof. It is clear that a Frobenius distribution is a local Frobenius distribution.
Let D be a local Frobenius distribution, p P M and φ : U Ñ V a chart of M around
p with φppq “ 0 and dφpDpq “ F . We find a diffeomorphism χ : V
1 ÑW with V 1 open in
V that is a Frobenius chart for Dφ :“ TφpD X TUq. We calculate
dpχ ˝ φqpDqq “ dχpTφpDqqq “ dχppDφqφpqqq “ F
and by Remark 1.11 we see that χ ˝ φ is a Frobenius chart of D.
2 The Frobenius theorem for Banach distri-
butions
As mentioned in the introduction, Teichmann showed a Frobenius theorem for finite-
dimensional vector distributions on convenient manifolds that are modelled over locally
convex spaces. A similar result for manifolds that are modelled over locally convex spaces
in the sense described in the introduction was obtained in [1, Chapter 2; Theorem 2.6].
The aim of this section and of the whole article is to obtain a Frobenius theorem for
Banach distributions on manifolds that are modelled over locally convex spaces.
In [11] Stefan considers distributions of Banach manifolds that are not necessarily
subbundles of the tangent bundle but each fibre of the distributions in question is a
Banach space. Our proof is inspired by the proofs of [11, Section 4] and [12, Theorem 2]
respectively [1, Theorem 2.6]. But as Stefan considers Banach manifolds, we are interested
in manifolds that are modelled over locally convex spaces. So one of the main problems
will be that we have no solution theory for initial value problems in locally convex spaces.
The idea to generalise the methods used in [11] received the author from Glöckner.
Convention. Throughout this section E will be a locally convex space, r P N and M a
Cr-manifold modelled over E.
Definition 2.1. Let N be a Cr-manifold, X : N Ñ TN be a Cr´1-vector field of N
and f : M Ñ N be a diffeomorphism. In this situation we define the Cr´1-vector field
f˚X :“ Tf´1 ˝X ˝ f of M .
The following easy Lemmas 2.2 and 2.3 have also been stated in [1]. They are also
more or less clear and straightforward generalisation of the finite-dimensional case.
Lemma 2.2. If X : M Ñ TM is a Cr´1-vector field that provides a local flow and t P R
we get pΦXt q
˚X “ X on ΩXt , where we write Φ
X : ΩX Ñ M for the global flow of X like
in Definition A.11.
Proof. We assume Ωt ‰ H. Given p P Ω
X
t we have
XpΦXt ppqq “
d
ds
ˇˇˇ
s“0
ΦXt`sppq “
d
ds
ˇˇˇ
s“0
ΦXt pΦ
X
s ppqq “ TΦ
X
t
ˆ
d
ds
ˇˇˇ
s“0
ΦXs ppq
˙
“TΦXt pXppqq.
The assertion follows directly.
Lemma 2.3. Given a Cr-manifold N , a diffeomorphism φ : M Ñ N and two vector fields
X,Y : N Ñ TN we get φ˚rX,Y s “ rφ˚X,φ˚Y s.
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Proof. From Tφ´1 ˝X ˝ φ “ φ˚X we conclude that X and φ˚X are φ´1-connected. An
analogous statement holds for Y . Hence also rX,Y s is φ´1-connected to rφ˚X,φ˚Y s and
so Tφ´1 ˝ rX,Y s “ rφ˚X,φ˚Y s ˝ φ´1.
The following Lemma 2.4 is a straightforward generalisation of the finite-dimensional
case.
Lemma 2.4. If X,Y : M Ñ TM are Cr´1-vector fields and X provides a local flow, then
we have d
ds
ˇˇ
s“0
`
pΦXs q
˚Y ppq
˘
“ rX,Y sppq for all p P ΩX .
Proof. It is enough to show the assertion in the local case. Let U Ď E be an open subset
and f, g : U Ñ E be Cr´1-maps such that f provides a local flow. We write Φ: Ω Ñ U
for the global flow of f . For p P U we calculate
d
ds
ˇˇˇ
s“0
pΦ˚s gppqq “
d
ds
ˇˇˇ
s“0
dΦ´s pΦsppq, gpΦsppqqq
“
d
ds
ˇˇˇ
s“0
dΦp´s,Φps, pq; 0, gpΦps, pqq
“d1pdΦq
ˆ
0,Φp0, pq, 0, gpΦp0, pqq;´1,
d
ds
ˇˇˇ
s“0
Φps, pq
˙
` dΦ
ˆ
0,Φp0, pq; 0,
d
ds
ˇˇˇ
s“0
gpΦps, pqq
˙
“d1pdΦqp0, p, 0, gppq;´1, 0q ` d1pdΦqp0, p, 0, gppq; 0, fppqq
` dΦp0, p; 0, dgpp, fppqqq
“ ´
d
dt
ˇˇˇ
t“0
dΦpt, p; 0, gppqq `
d
dt
ˇˇˇ
t“0
dΦp0, p` tfppq; 0, gppqq
` d2Φp0, p; dgpp, fppqqq
“ ´
d
dt
ˇˇˇ
t“0
d
ds
ˇˇˇ
s“0
Φpt, p` sgppqq `
d
dt
ˇˇˇ
t“0
dΦ0pp` tfppq; gppqq ` dgpp, fppqq
“ ´
d
ds
ˇˇˇ
s“0
fpp` sgppqq `
d
dt
ˇˇˇ
t“0
gppq ` dgpp, fppqq
“ ´ dfpp, gppqq ` dgpp, fppqq
The following Theorem 2.5 comes from [4, Theorem 2.3].
Theorem 2.5. Let E be a locally convex space, F be a Banach space, P Ď E and U Ď F
be open sets and f : P ˆ U Ñ F be a Cr-map with r P N. We write fp :“ fpp, ‚q : U Ñ F
for p P P . Let p0 P P and x0 P U with f
1
p0
px0q P GLpF q. If r ě 2 or r “ 1 and
sup
pp,xqPPˆU
}f 1p0px0q ´ f
1
ppxq}op ă
1
}f 1p0px0q
´1}op
, (4)
then we find an open p0-neighbourhood P0 Ď P and an open x0-neighbourhood U0 Ď U
such that
(a) fppU0q is open in F for all p P P and fp|U0 : U0 Ñ fppBq is a C
r-diffeomorphism.
(b) W :“
Ť
pPP0
ptpu ˆ fppU0q is open in E ˆ F and g : W Ñ U0, pp, yq ÞÑ f
´1
p pyq is a
Cr-map.
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(c) Φ: P0 ˆ U0 Ñ W, pp, xq ÞÑ pp, fppxqq is a C
r-diffeomorphism with inverse Ψ: W Ñ
P0 ˆ U0, pp, zq Ñ pp, gpp, zqq.
From [6, Proposition 2.1] we get the following Lemma 2.6.
Lemma 2.6. If F and H are locally convex spaces, U Ď E is an open set and f : UˆF Ñ
H is a Cr-map that is linear in the second argument, then f_ : U Ñ LpF,Hqc.o. is of class
Cr and f_ : U Ñ LpF,Hqb is of class C
r´1.
Lemma 2.7. Let F be a Banach space, PE be the set of all continuous seminorms on E
and B1 be the closed unit ball in F . If we write }‚}B,q for a typical seminorm on LpF,Eqb,
where B is a bounded set in F and q P PE, then the family of seminorms
`
}‚}B1,q
˘
qPPE
defines the locally convex topology of LpF,Eqb.
Proof. Obviously the topology that comes from
`
}‚}B1,q
˘
qPPE
is coarser than the one of
LpF,Eqb. To show that it is also finer let B Ď F be bounded and q P PE . We find r ą 0
with r ¨B1 Ě B and calculate
}f}B,q ď }f}rB1,q “ suptqpfpxqq : x P rB1u “ suptr ¨ qpfpxqq : x P B1u
“}f}B1,r¨q.
Lemma 2.8. Let F be a Banach space and q be a continuous seminorm on E. For
Eq :“ E{q
´1p0q and piq : E Ñ Eq, x ÞÑ x` q
´1p0q the map ι : LpF,Eqb{p}‚}B1,qq
´1p0q ãÑ
L pF,Eqq, f ` p}‚}
´1
B1,q
p0qq ÞÑ piq ˝ f is well-defined and a topological embedding. Moreover
we get for f P LpF,Eq, g P LpF q and pi}‚}B1,q : LpE,F q Ñ LpE,F q{p}‚}
´1
B1,q
p0qq, f ÞÑ
f ` }‚}´1B1,qp0q the equation
ι ˝ pi}‚}B1,qpf ˝ gq “ ι ˝ pi}‚}B1,qpfq ˝ g (5)
Proof. Let f P LpF,Eq with }f}B1,q “ 0. For x P F zt0u, we get
q ˝ fpxq “
1
}x}
¨ q ˝ f
ˆ
x
}x}
˙
“ 0.
Hence ι is well-defined. To show that ι is an isometry we choose f P LpF,Eq and calculate
}piq ˝ f}op “ suptq ˝ fpxq : x P B1u “ }f}B1,q
“}f ` p}‚}B1,qq
´1p0q}
To show (5) we calculate
ι ˝ pi}‚}B1,qpf ˝ gq “ piq ˝ f ˝ g “ ι ˝ pi}‚}B1,qpfq ˝ g.
The following Lemma 2.9 varies an observation by Glöckner.
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Lemma 2.9. If F is a Banach space, λ : I Ñ LpF q is a C1-curve and µ0 P LpF,Eq, then
the initial value problem #
ϕ1ptq “ ϕptq ˝ λptq
ϕp0q “ µ0
(6)
in LpF,Eq has not more than one solution.
Proof. Let ϕ1, ϕ2 : s ´ ε, εr be solutions of the initial value problem (6), q a continuous
seminorm of E. Moreover let pi}‚}B1,q and ι be like in Lemma 2.8. For i “ 1, 2 we define
the map ϕi,q : s ´ ε, εrÑ LpF,Eqq, t ÞÑ ι ˝ pi}‚}B1,q ˝ ϕi and get
ϕ1i,pptq “ ι ˝ pi}‚}B1,qpϕ
1
iptqq “ ι ˝ pi}‚}B1,qpϕiptq ˝ λptqq
“ι ˝ pi}‚}B1,qpϕiptqq ˝ λptq “ ϕi,qptq ˝ λptq
and ϕi,qp0q “ piq ˝ µ0. The composition LpF q ˆ LpF,Eqq Ñ LpF,Eqq, pµ, ψq ÞÑ ψ ˝ µ
is continuous bilinear. Hence f : I ˆ LpF,Eqq Ñ LpF,Eqq, pt, ψq ÞÑ ψ ˝ λptq is Fréchet-
differentiable. Thus f is continuous and locally Lipschitz-continuous in the second argu-
ment. Because LpF,Eqq is a Banach space, we have ϕ1,q “ ϕ2,q. Hence pi}‚}B1,q ˝ ϕ1 “
pi}‚}B1,q ˝ ϕ2. Because q was an arbitrary continuous seminorm of E, we get ϕ1 “ ϕ2.
As mentioned above the following Theorem 2.10 is inspired by [11, Section 4] and [12,
Theorem 2] respectively the authors Theorem [1, Theorem 2.6].
Theorem 2.10. Let F be a complemented subspace of E that is a Banach space, r ě 2 and
D be an involutiv subbundle of TM with typical fibre F . If given p0 P M there exists an
open p0-neighbourhood U ĎM and a C
r´1-vector field X : U ˆ F Ñ TU with parameters
in F such that
1. the map Xˇ : F Ñ VpUq, v ÞÑ Xp‚, vq is linear,
2. we have impXq Ď D,
3. the map Xpp0, ‚q|
Dp0 : F Ñ Dp0 is an isomorphism of topological vector spaces and
4. the vector field X provides a local flow with parameters,
then D is a Frobenius distribution.
Proof. Let p0 P M and φ be a chart around p0 with φpp0q “ 0E and dφpDp0q “ F .
Because of Lemma 1.13 it is enough to show the statement in the local chart φ. This
means we have the following situation: The set U is an open 0-neighbourhood in E. The
vector distribution D Ď U ˆE is a subbundle of U ˆE with typical fibre F . Hence given
x P U we find a Cr-diffeomorphism ψ : U ˆ E Ñ U ˆ E such that ψptyu ˆ Eq “ tyu ˆ E,
pr2 ˝ψpy, ‚q : E Ñ E is an isomorphism of topological vector spaces and ψpDq “ U ˆ F .
Given x P U we write Dx for the subspace pr2pD X ptxu ˆ Eqq of E. By choice of φ we
have D0E “ F . In abuse of notation we write X of the local representative of X in the
chart φ. Hence X ˆ F Ñ E is a Cr-map such that
1. Xˇ : F Ñ Cr´1pU,Eq is linear,
2. Xpp, vq P Dp for all p P U and v P F ,
3. Xp0, ‚q|D0 : F Ñ D0 “ F is an isomorphism of topological vector spaces
4. X provides a local flow with parameters.
We write Φ: Ω Ñ U for the global flow with parameters of X . For convenience we write
Xv :“ Xp‚, vq, Φ
v :“ Φp‚, ‚, vq and Ωv :“ tpt, xq P R ˆ U : pt, x, vq P Ωu for v P F and
t P R. Since X : U ˆ F Ñ E is a C1-map, also X˜ : U ˆ F Ñ F , px, vq ÞÑ ψpx,Xpx, vqq is
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of class C1. This provides the continuity of ˇ˜X : U Ñ LpF q, x ÞÑ ψpx, ‚q ˝Xpx, ‚q, because
of Lemma 2.6. Since Xp0E, ‚q is an isomorphism of topological vector spaces, we assume
that Xpx, ‚q|Dx : F Ñ Dx is an isomorphism of topological vector spaces for all x P U .
Moreover we assume Xp0, ‚q “ idF . We divide the proof in two steps. The first one is
to show the following assertion.
Assertion I: Given a vector field Y : U Ñ E, with Y pxq P Dx for all x P U , also`
pΦvt q
˚Y
˘
pxq P Dx for all x P U , t P R and v P F . Moreover we have
d2Φpt, y, v; ‚qpDyq “ DΦpt,y,vq (7)
for pt, y, vq P Ω.
Reason: For v P F and t P R the vector field pΦvt q
˚Y is defined on Ωvt :“ tx P U : pt, x, vq P
Ωu. If Ωvt “ H the assertion is clear. Now let x P Ω
v
t . We have to show pΦ
v
t q
˚Y pxq P Dx.
It exists w P F with XpΦpt, x, vq, wq “ Y pΦpt, x, vqq. Thus
pΦvt q
˚Y pxq “ pdΦvt px, ‚qq
´1 ˝ Y ˝ Φvt pxq “ pdΦ
v
t px, ‚qq
´1 ˝Xw ˝ Φ
v
t pxq
“pΦvt q
˚Xwpxq.
So we only have to show pΦvt q
˚Xwpxq P Dx. On the interval Iv,x :“ tt P R : pt, x, vq P Ωu
we have
B
Bt
´
pΦvt q
˚Xwpxq
¯
“
B
Bs
ˇˇˇ
s“0
`
pΦvt`sq
˚Xwpxq
˘
“
B
Bs
ˇˇˇ
s“0
ppΦvsq
˚pΦvt q
˚Xwpxqq
“ rXv, pΦ
v
t q
˚Xws pxq “ rpΦ
v
t q
˚Xv, pΦ
v
t q
˚Xws pxq “ pΦ
v
t q
˚ rXv, Xws pxq
with the help of Lemma 2.4, Lemma 2.2 and Lemma 2.3. Now we define the curve
gw : Iv,x Ñ E, gwptq :“ pΦ
v
t q
˚Xwpxq and write λx :“ Xpx, ‚q|
Dx . Moreover we define
xt :“ Φ
v
t pxq. From rXv, Xwspxtq “ Xpxt, λ
´1
xt
prXv, Xwspxtqqq we conclude
g1wptq “ pΦ
v
t q
˚rXv, Xwspxq “ pΦ
v
t q
˚Xλ´1xt prXv ,Xwspxtqq
pxq “ gλ´1xt prXv ,Xwspxtqq
ptq.
For t P Iv,x we define the maps Aptq : F Ñ E, u ÞÑ guptq and Bptq : F Ñ F , w ÞÑ
λ´1xt prXv, Xwspxtqq. We also define A : Iv,x Ñ LpF,Eq, t ÞÑ Aptq and B : Iv,x Ñ LpF q,
t ÞÑ Bptq. The curves A and B are of class C1, because Iv,xˆF Ñ E, pt, wq ÞÑ gwptq and
Iv,x ˆ F Ñ F, pt, wq ÞÑ λ
´1
xt
prXv, Xwspxtqq are of class C
r´1 and r ě 2. We get
A1ptq.w “ εwpA
1ptqq “ dpεw ˝Aqpt, 1q “
B
Bt
`
gwptq
˘
“ gλ´1xt prXv ,Xwspxtqq
ptq
“Aptq.λ´1xt prXv, Xwspxtqq “ pAptq ˝Bptqqpwq
Hence A solves the initial value problem#
ϕ1ptq “ ϕptq ˝Bptq
ϕp0q “ Xpx, ‚q
(8)
in LpF,Eq. It exists a solution of the initial value problem (8) in LpF,Dxq. From Lemma
2.9, we conclude that the image of A lies in LpF,Dxq.
It remains to show (7). To this end let pt, y, vq P Ω and f : U Ñ E be a Cr-map
with fppq P Dp for all p P U . We define x :“ Φpt, y, vq and get p´t, x, vq P Ω. Hence,
dΦvt pΦ
v
´tpxq, fpΦ
v
´tpxqqq P Dx. We conclude dΦ
v
t py, fpyqq P DΦvt pyq. This shows assertion
I, because we can choose any f with the mentioned condition.
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Our second aim is to show the following assertion.
Assertion II: Given pt, y, uq P Ω we have
d3Φpt, y, u; ‚qpF q Ď DΦpt,y,uq. (9)
for the map d3Φpt, y, u; ‚q : F Ñ E.
Reason: We have
d1Φpt, y, u; 1q “ XpΦpt, y, uq, uq and (10)
Φp0, y, uq “ y. (11)
By differentiating the right-hand side of (10) in y in direction h P E, we get
dy
`
XpΦpt, y, uq, uq
˘
py, hq “ d1X
`
Φpt, y, uq, u; d2Φpt, y, u;hq
˘
.
Differentiation of the left-hand side of (10) in y in direction h P E leads to BBs
B
Bt pΦpt, y `
sh, uqq “ BBtd2Φpt, y, u;hq. Here we used the Schwarz-theorem. We conclude
B
Bt
d2Φpt, y, u;hq “ d1X
`
Φpt, y, uq, u; d2Φpt, y, u;hq
˘
(12)
d2Φp0, y, u;hq “ h. (13)
Now we differentiate the right-hand side of (10) in u in direction h P F and get
du
`
XpΦpt, y, uq, uq
˘
pu, hq “ dX
`
pΦpt, y, uq, uq; pd3Φpt, y, u;hq, hq
˘
“d2X
`
Φpt, y, uq, u;h
˘
` d1X
`
Φpt, y, uq, u; d3Φpt, y, u;hq
˘
“X
`
Φpt, y, uq, h
˘
` d1X
`
Φpt, y, uq, u; d3Φpt, y, u;hq
˘
Differentiation of the left-hand side of (10) leads to
B
Bs
B
Bt
pΦpt, y, u` shqq “
B
Bt
d3Φpt, y, u;hq.
Hence we get
B
Bt
d3Φpt, y, u;hq “ X
`
Φpt, y, uq, h
˘
` d1X
`
Φpt, y, uq, u; d3Φpt, y, u;hq
˘
and
d3Φp0, y, u;hq “ 0.
Thus t ÞÑ d3Φpt, y, u; ‚q solves the initial value problem#
σ1ptq “ X
`
Φpt, y, uq, ‚
˘
` d1X
`
Φpt, y, uq, u; ‚
˘
˝ σptq
σp0q “ 0
(14)
in LpF,Eq.
Because Φpt, ‚, uq is a diffeomorphism, we get d2Φpt, y, u; ‚q P GLpEq. With Φpt,Φp´t, y, uq, uq “
y we get `
d2Φpt, y, u; ‚q
˘´1
“ d2Φp´t,Φpt, y, uq, u; ‚q. (15)
The map f : I ˆ F Ñ E, pt, vq ÞÑ d2Φp´t,Φpt, y, uq, u;XpΦpt, y, uq, vqq is of class C
1 andşt
0
fps, vqds “ t ¨
ş1
0
fpts, vqds. Thus f1 : I ˆ F Ñ E, pt, vq ÞÑ
şt
0
fps, vqds is of class C1.
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We conclude that f2 : I ˆ F Ñ E, pt, vq ÞÑ d2Φpt, y, u;
şt
0
fps, vqdsq is of class C1. Hence
η :“ qf2 : I Ñ LpF,Eqc Ď CpF,Eqc.o. is a C1-map. We want to show that η is a solution of
the initial value problem (14). Given v P F the evaluation map ε : LpF,Eq Ñ E, λ ÞÑ λpvq
is continuous linear. Therefore we only have to show that for all v P F the curve τ : I Ñ E,
t ÞÑ d2Φpt, y, u;
şt
0
fps, vqdsq is a solution of the initial value problem#
d
dt
σptq “ d1XpΦpt, y, uq, u;σptqq `XpΦpt, y, uq, vq
σp0q “ 0,
(16)
where σ is a curve in E. We define the map H : I ˆ E Ñ E, pt, wq ÞÑ d2Φpt, y, u;wq and
get
τ 1ptq “
B
Bt
pH ˝ pidIptq, f1pt, vqqq “ d
`
H ˝ pidI , f1p‚, vqq
˘
pt, 1q
“dHppt, f1pt, vqq; p1, fpt, vqqq
“d1H
`
t, f1pt, vq; 1
˘
` d2H
`
t, f1pt, vq; fpt, vq
˘
.
On the one hand we have
d2Hpt, f1pt, vq; fpt, vqq “ Hpt, fpt, vqq
“d2Φ
`
t, y, u; d2Φp´t,Φpt, y, uq, u;XpΦps, y, uq, vqq
“pd2Φpt,y,u;‚qq´1pXpΦps,y,uq,vqq
˘
“ XpΦps, y, uq, vq (17)
and on the other
d1Hpt, f1pt, vq; 1q “
B
Bh
´
d2Φph, y, u; f1pt, vqq
¯ˇˇˇ
h“t
“
B
Bh1
´ B
Bh
´
Φph, y ` h1 ¨ f1pt, vq, uq
¯ˇˇˇ
h“t
¯ˇˇˇ
h1“0
“
B
Bh1
´
XpΦpt, y ` h1 ¨ f1pt, vq, uq, uq
¯ˇˇˇ
h1“0
“d1XpΦpt, y, uq, u; d2Φpt, y, u; f1pt, vqqq “ d1XpΦpt, y, uq, u; τptqq. (18)
Thus τ is a solution of (16) and so η solves the initial value problem (14).
Now we show that the solution of (14) is unique. It is enough to show that for every
h P F the initial value problem#
g1ptq “ XpΦpt, y, uq, hq ` d1XpΦpt, y, uq, u; gptqq
gp0q “ 0,
where g is a curve in E, has a unique solution. Obviously it is sufficient to show that the
initial value problem #
g1ptq “ d1XpΦpt, y, uq, u; gptqq
gp0q “ 0
(19)
has at most one solution. We define Ω˜ :“ tpt, yq P R ˆ U : pt, y, uq P Ωu and consider
the map Φ˜: Ω˜ˆ E Ñ U ˆ E, pt, y, wq ÞÑ TΦut py, wq which is a local C
r-action on U ˆ E,
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because of the chain rule of tangential-maps. The vector field X˜ : U ˆ E Ñ E ˆ E,
py, wq ÞÑ pXpy, uq, d1Xpy, u;wqq has the local flow Φ˜, because with (12) we get
d
dt
`
Φ˜pt, y, wq
˘ˇˇˇ
t“0
“
d
dt
`
Φut pyq, d2Φpt, y, u;wq
˘ˇˇˇ
t“0
“
`
Xpy, uq, d1Xpy, u;wq
˘
.
Now let g1 and g2 be solutions of (19), defined on the interval I. For i “ 1, 2 the curve
Gi : I Ñ U ˆ E, t ÞÑ pΦpt, y, uq, giptqq is a solution of the initial value problem#
G1iptq “ X˜pGiptqq
Gip0q “ py, 0q,
because
G1iptq “
`
XpΦpt, y, uq, uq, d1XpΦpt, y, uq, u; giptqq
˘
“ X˜pGiptqq.
Hence G1ptq “ G2ptq and so g1ptq “ g2ptq. We get the uniqueness-statement.
Now we conclude
d3Φpt, y, u; ‚q “ ηptq “
ˆ
v ÞÑ d2Φ
ˆ
t, y, u;
ż t
0
fps, vqds
˙˙
. (20)
With (7) we get Dy “
`
d2Φps, y, u; ‚q
˘´1
pDΦps,y,uqq. From the condition (2) we get
XpΦps, y, uq, ‚q.F Ď DΦps,y,uq. With (15) we conclude impfq Ď Dy. Hence with (20)
we get d3Φpt, y, u; ‚qpF q Ď d2Φpt, y, u; ‚q.Dy “ DΦps,y,uq.
Now we construct a Frobenius chart around 0E . To this end let F˜ be the topological
vector complement of F in E. We choose open 0-neighbourhoods V p1q Ď F˜ , V p2q Ď F and
a symmetric interval I Ď R such that V :“ V p1q ˆ V p2q Ď U and I ˆ V ˆ V p2q Ď Ω.
We have BBsΦps, 0, 0q “ XpΦpt, 0, 0q, 0q “ 0 and Φp0, 0, 0q “ 0. Hence Φpt, 0, 0q “ 0 for
all t P I.
We saw impfq Ď Dy in the calculation above. Taking y “ 0E and u “ 0F we
get d2Φp´s, 0E, 0F ; vq P F for s P I and v P F . We define the map λ : I ˆ F Ñ F ,
ps, vq ÞÑ d2Φp´s, 0E, 0F ; vq. Because λˇ : I Ñ LpF q, s ÞÑ d2Φp´s, 0, 0, ‚q is continuous, the
map λ˜ : I ˆ I Ñ LpF q, pt, sq ÞÑ t ¨ λˇpsq is continuous and because λ˜p0, 0q “ idF we can
choose 0 ă t ă 1 with }t ¨ λps, ‚q ´ idF }op ă
1
2
for all s P r0, ts. We show
d3Φpt, 0E, 0F ; ‚q P LpF q
˚. (21)
With (20) we get d3Φpt, 0, 0; ‚q “ v ÞÑ d2Φpt, 0E , 0F ;
şt
0
λps, vqdsq. The map d2Φpt, 0, 0; ‚q : E Ñ
E is an isomorphism of topological vector spaces and so we see d2Φpt, 0, 0; ‚q|
F
F P LpF q
˚
with Assertion I. Hence it remains to show that the map µ : F Ñ F, v ÞÑ
şt
0
λps, vqds is an
isomorphism. To show }µ´ idF }op ă 1 we choose v P F and calculate››››ż t
0
λps, vqds´ v
››››
F
“
››››ż t
0
λps, vq ´
v
t
ds
››››
F
ď
ż t
0
›››λps, vq ´ v
t
›››
F
ds
“
1
t
ż t
0
}tλps, vq ´ v}Fds ď
}v}F
t
ż t
0
}tλps, ‚q ´ idF }op
ă 1
2
ds ď
}v}F
t
¨ t ¨
1
2
“
}v}F
2
.
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Now we show that ζ : V p1q ˆ V p2q Ñ E, px,wq ÞÑ Φp´t, x, wq has open image and is a
diffeomorphism onto its image. To this end we consider the Cr-map b : V p1qˆV p2qˆV p2q Ñ
F˜ ˆ F, pz, w, vq ÞÑ Φpt, pz, vq, wq. We have Φpt, 0, 0q “ 0. With Assertion II we get
d3Φpt, 0, 0; ‚q.F Ď DΦpt,0,0q “ F and with (21) we conclude
d2b2p0, 0, 0; ‚q “ pr2pd3Φpt, 0E , 0F ; ‚qq “ d3Φpt, 0E , 0F ; ‚q P LpF q
˚.
With Theorem 2.5 we get that after shrinking V p1q and V p2q the map b2pz, ‚, vq : V
p2q Ñ
F has open image and is a diffeomorphism onto its image. Moreover we get that Ψ: V p1qˆ
V p2q ˆ V p2q Ñ E ˆ F pz, w, vq ÞÑ ppz, vq, b2pz, w, vqq has open image and is a diffeomor-
phism onto its image. We have Φpt, 0, 0q “ 0 and so Ψp0, 0, 0q “ p0, 0q. We choose 0-
neighbourhoods W p1q Ď V p1q Ď F˜ and W p2q Ď V p2q Ď F such that W p1q ˆW p2q ˆW p2q Ď
impΨq. Hence Ψ´1pz, v, 0q “ pz, b2pz, ‚, vq
´1p0q, vq for pz, vq P W p1q ˆW p2q. We define
W :“W p1q ˆW p2q.
For the map u : W p1q ˆW p2q Ñ V p2q pz, vq ÞÑ pΨ´1q2pz, v, 0q we get b2pz, upz, vq, vq “
0, because of pΨ´1q2pz, v, 0q “ b2pz, ‚, vq
´1p0q. We define the map ξ : W p1q ˆ W p2q Ñ
E pz, vq ÞÑ pb1pz, upz, vq, vq, upz, vqq. In the following we show that ξ|ξ´1pV q is inverse to
ζ|ζ´1pW q. To this end we calculate
ζ ˝ ξpz, vq “ ζpb1pz, upz, vq, vq, upz, vqq “ Φp´t, b1pz, upz, vq, vq
“bpz,upz,vq,vq
, upz, vqq
“Φp´t,Φpt, pz, vq, upz, vqq, upz, vqq “ pz, vq
Given px,wq P ζ´1pW q we have
bpζ1px,wq, w, ζ2px,wqq “ Φpt, ζpx,wq, wq “ x. (22)
And so we get b2pζ1px,wq, w, ζ2px,wqq “ 0 respectively upζpx,wqq “ w. Hence
ξ ˝ ζpx,wq “ pb1pζ1px,wq, upζpx,wqq, ζ2px,wqq, upζpx,wqqq
“pb1pζ1px,wq, w, ζ2px,wqq, wq “ px,wq.
We define Uϕ :“ ξ
´1pV q, Vϕ :“ ζ
´1pW q and ϕ :“ ξ|
Vϕ
Uϕ
. In particular we get ϕ´1 “
ζ|Vϕ . After shrinking Vϕ we assume Vϕ “ V
p1q
ϕ ˆ V
p2q
ϕ with V
p1q
ϕ Ď V p1q and V
p2q
ϕ Ď V p2q.
We show that ϕ is a Frobenius chart around 0. It is sufficient to show dϕptpu ˆDpq “ F
respectively ppdϕqpp, ‚qq´1pF q “ Dp for all p P Uϕ, because of Remark 1.11. This is
equivalent to show dϕ´1px,w; ‚qpF q “ Dϕ´1px,wq respectively d2ζpx,w; ‚qpF q “ Dζpx,wq for
all px,wq P Vϕ “ V
p1q
ϕ ˆ V
p2q
ϕ .
Since (9) the map λ : V
p1q
ϕ ˆ V
p2q
ϕ Ñ LpF q px,wq ÞÑ ψ2px, d3Φpt, x, w; ‚qq is well-
defined and continuous. Because of λp0F˜ , 0F q P LpF q
˚ we assume λpx,wq P LpF q˚ for
all px,wq P V
p1q
ϕ ˆ V
p2q
ϕ . Hence d3Φpt, x, w; ‚q “ ψ2px, ‚q
´1 ˝ λpx,wq P LpF,Dxq is an
isomorphism of topological vector spaces for x P V
p1q
ϕ .
3 Applications of Frobenius theorems in infinite-
dimensional Lie-theory
In [8, Problem VI.4] Neeb stated the following open problem.
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Problem. Let G be a regular Lie group. Is every closed Lie subalgebra h Ď LpGq with
finite codimension integrable?
In [5] Glöckner proposed that generalisations of the Frobenius theorems can be used
to solve this problem. In [1] we used Frobenius theorems for Co-Banach Distributions to
solve this problem. Moreover it was possible to solve the problem for a finite-dimensional
Lie subalgebra. In this section we want consider the case of a Banach Lie algebra. The
main work was done in Section 2. We simply use the methods from [1, Chapter 4]. The
only new thing is Theorem 3.1 and its proof at the end of this section. For the convenience
of reader we present the definitions, results and proofs of [1, Chapter 4]. We also mention
that in [1, Chapter 4] we used ideas of [10, VI, §5. Lie Groups and Subgroups], where Lang
discussed the case of Banach Lie groups. Besides the more general approach we corrected
in [1, Chapter 4] an inaccuracy of Lang in [10, Chapter VI. Lemma 5.3] with the help
Glöckner.
First we state the main result of this section and will prove it at the end.
Theorem 3.1. Let G be a Lie group modelled over a locally convex space and h Ď LpGq
be a Lie subalgebra that is complemented as a topological subspace and is a Banach space.
If G provides an exponential map, then we can find a Lie group H that is a subgroup of
G and an immersed submanifold of G such that LpHq “ h.
Definition 3.2. Let G be a Lie group, U Ď G be open andX : U Ñ TG be a vector field of
G. Given g0 P U we define the left invariant vector fieldX
l
g0
: U Ñ TU Ď TG, g ÞÑ Tλgpwq
with w :“ Tλg´1
0
pXpg0qq. Obviously X
l
g0
pg0q “ Xpg0q.
Remark 3.3. If in the situation of Definition 3.2 h Ď LpGq is a closed Lie subalgebra
and X is a vector field with its image lying in D :“
Ť
gPG Tλgphq, then also the image of
X lg0 lies in D.
Lemma 3.4. If G is a Lie group, h Ď LpGq is a closed Lie subalgebra, U Ď G is open
and X1, X2 : U Ñ TG are left invariant vector fields with images in D :“
Ť
gPG Tλgphq,
then also the image of rX1, X2s lies in D.
Proof. The vector field rX1, X2s is left invariant. Hence
rX1, X2spgq “ TλgprX1, X2sp1qq “ TλgprX1p1q, X2p1qs
Ph
q P D.
for g P U .
The following Lemma 3.5 was discussed in [10, Chapter VI. Lemma 5.3] for Banach
Lie groups. But Lang’s proof for the involutivity of the considered vector distribution is
not quite correct. In general it is not possible to reduce the problem to the local case by
the use of local charts, in the way Lang did it, because in general there exists no local
trivialisation of the tangent bundle that is simultaneously induced by a chart of the Lie
group and a sub bundle trivialisation of the distribution. As mentioned above our proof
Lemma 3.5 was stated in [1, Chapter 4]. The inaccuracy was noticed by the author and
with the help of Glöckner it was possible to find an other proof.
Lemma 3.5. Given a Lie group G and a closed Lie subalgebra h Ď LpGq, the vector
distribution D :“
Ť
gPG Tλgphq is an involutiv subbundle of TG with typical fibre h, if we
identify the modelling space of G with LpGq.
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Proof. First we show that D is a subbundle of TM . We define Dg :“ Tλgphq for g P G and
ψ : TGÑ G ˆ LpGq, v ÞÑ ppipvq, pipvq´1 .vq. Given h P h and g P G we get pipTλgphqq “ g
and pipTλgphqq
´1.Tλgphq “ g
´1.Tλgphq “ h. Hence ψpDq “ Gˆh and ψpTλgphqq “ pg, hq.
It remains to show that D is involutiv. To this end let X1, X2 : GÑ TG be vector fields of
G with impX1q, impX2q Ď D and g0 P G. We find a chart φ : U Ñ V Ď LpGq of G around
g0 such that dφpDg0 q “ h. The map θ : TU Ñ U ˆ E, θ “ pφ
´1 ˆ idEq ˝ Tφ is a local
trivialisation of TG around g0. By abuse of notation we write ψ for the restriction of ψ to
TU . We define the map A : V ˆE Ñ E, px, yq ÞÑ gψ,θpφ
´1pxq, yq with gψ,θ :“ pr2˝θ˝ψ
´1.
And write Apxq :“ Apx, ‚q for x P V . The diagramme
TU
ψ
//
θ
##❍
❍
❍
❍
❍
❍
❍
❍
❍
U ˆ E
pg,yqÞÑpg,Apφpgq,yqq

U ˆ E
commutes. Let X1,φ and X2,φ be the local representatives of the vector fields X1 and X2
in the chart φ. We define X1,ψ :“ pr2 ˝ ψ ˝X1 ˝ φ
´1 and X2,ψ :“ pr2 ˝ ψ ˝X2 ˝ φ
´1. Let
x P V . For i “ 1, 2 we get
Apxq.pXi,ψpxqq “ Apxq.pψ2 ˝Xi ˝ φ
´1pxqq “ Apxq.pψ2pXipφ
´1pxqqqq
“dφpXi ˝ φ
´1pxqq “ Xi,φpxq. (23)
If we show
rX1,φ, X2,φspxq P Apxq.h, (24)
we get
Tφ´1pid, rX1,φ, X2,φsqpxq P Tφ
´1px,Apxq.hq Ď ψ´1pU ˆ hq “ D X TU
ñrX1, X2sppq P D : @p P U.
Hence it remains to show (24). Equation (23) leads to
dX2,φpx,X1,φpxqq “ dpx ÞÑ Apx,X2,ψpxqqqpx,X1,φpxqq
“dA
`
px,X2,ψpxqq; pX1,φpxq, dX2,ψpx,X1,φpxqqq
˘
“d1A
`
x,X2,ψpxq;X1,φpxq
˘
` d2A
`
x,X2,ψpxq; dX2,ψpx,X1,φpxqq
˘
“d1A
`
x,X2,ψpxq;X1,φpxq
˘
`Apxq.dX2,ψpx,X1,φpxqq.
With an analogous calculation for dX2,φpx,X1,φpxqq we get
rX1,φ, X2,φspxq “ Apxq.pdX2,ψpx,X1,φpxqq ´ dX1,ψpx,X2,φpxqq
Ph
q
` d1A
`
x,X2,ψpxq;X1,φpxq
˘
´ d1A
`
x,X1,ψpxq;X2,φpxq
˘
“:p˚q
(25)
It remains to show p˚q P Apxq.h. Writing h :“ φ´1pxq, we define the left invariant vector
fields X l1,h and X
l
2,h like in Definition 3.2. The images of X
l
1,h and X
l
2,h lie in D. Hence
rX l1,h, X
l
2,hspxq P D, because of Lemma 3.4 and therefore rX
l
1,h,φ, X
l
2,h,φspxq P Apxq.h,
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where X l1,h,φ and X
l
2,h,φ are the local representatives of the vector fields X
l
1,h and X
l
2,h.
We can repeat the calculation that led us to equation (25), also for X l1,h and X
l
2,h and get
rX l1,h,φ, X
l
2,h,φspxq
PApxq.h
“ Apxq.pdX l2,h,ψpx,X
l
1,h,φpxqq ´ dX
l
1,h,ψpx,X
l
2,h,φpxqq
Ph
q
`d1A
`
x,X l2,h,ψpxq;X
l
1,h,φpxq
˘
´ d1A
`
x,X l1,h,ψpxq;X
l
2,h,φpxq
˘
.
Thus
d1A
`
x,X l2,h,ψpxq;X
l
1,h,φpxq
˘
´ d1A
`
x,X l1,h,ψpxq;X
l
2,h,φpxq
˘
P Apxq.h
and because X li,h,ψpxq “ Xi,ψpxq for i “ 1, 2, we get p˚q P Apxq.h. Hence (24) is shown
and we are done.
As mentioned above our proof the following Lemma 3.6 was stated in [1, Chapter 4]
and there we followed the ideas of [10, Chapter VI. Theorem 5.4], but Lang did not discuss
whether the constructed group H is actually a Lie group.
Lemma 3.6. If the vector bundle D in Lemma 3.5 is a Frobenius distribution, then we
find a Lie group H that is an integral manifold for D and a subgroup of G.
Proof. Because D is a Frobenius distribution, we find a maximal integral manifold H for
D that includes 1. First we show that H is a subgroup of G. To this end let h P H . We
show h´1 P H . The set h´1 ¨H is an integral manifold for D, because for g P H we have
Th´1gph
´1Hq “ Th´1gpλh´1pHqq “ Tλh´1pTgHq
“Tλh´1pDgq “ Tλh´1gh “ Dh´1g. (26)
Moreover 1 P h´1H . By the maximality of H we get h´1H Ď H . We have h´1 ¨ 1 “ h´1 P
H , because 1 P H .
Now we show HH Ď H . Let h P H . A similar calculation as in (26) shows that hH is
an integral manifold for D and contains 1, because h´1 P H . Hence h ¨H “ H . And thus
HH “ H . We conclude that H is a subgroup of G.
To show that H is a Lie group, we have to show that the multiplication and inversion
on H are smooth. This follows not directly from the fact that H is a subgroup of the
Lie group G, because H is no submanifold, but an immersed submanifold of G. For
g P G we choose a Frobenius chart φg : Ug Ñ Wg,1 ˆ Wg,2 around g with φgpgq “ 0.
The submanifold Sg “ tφ
´1
g px, 0q : x P Wg,1u is an integral manifold of D and every
integral manifold that is contained in Ug and intersects Sg is a subset of Sg. First we show
that the left multiplication λh : H Ñ H is smooth for all h P H . Let g P G. We write
pph ¨ Sgq X Uhgqhg for the component of hg in ph ¨ Sgq X Uhg. Obviously pph ¨ Sgq XUhgqhg
is an integral manifold for D and contained in Uhg. Hence λhppSg X λ
´1
h pUhgqqgq Ď Shg.
Because λh|pSgXλ´1h pUhgqqg
is smooth as a map to G and its image is contained in the
submanifold Shg and Shg is open in H , we get that λh|pSgXλ´1h pUhgqqg
is smooth as a map
to H . Thus λh : H Ñ H is a smooth map. Hence λh : H Ñ H is a diffeomorphism.
Let V Ď U1 be an open, symmetric 1-neighbourhood with V V Ď U1. Given g P
pS1XV q1 the set g
´1ppS1XV q1q is an integral manifold forD that contains 1 and is a subset
of U1. Thus g
´1ppS1XV q1q Ď S1. The map θ : pS1XV q1ˆpS1XV q1 Ñ G, pg, hq ÞÑ g
´1h
is smooth. Since impθq Ď S1 and S1 is a submanifold of G, we get that θ|
S1 is smooth. We
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write iH for the inversion on H and mH for the multiplication on H . The sets S1XV and
pS1 X V q1 are open in H and iH |pS1XV q1 “ θp‚, 1q : pS1 X V q1 Ñ S1, g ÞÑ g
´1 is smooth,
because S1 is open in H . Therefore mH : pS1 X V q1 ˆ pS1 X V q1 Ñ S1, pg, hq ÞÑ g ¨ h “
θpg´1, hq “ θpiHpgq, hq is smooth.
We define V˜ :“ pS1 X V q1 and show that ă V˜ ą is open and closed in H and so
ă pS1 X V q1 ą“ H , because H is connected. Given g Pă V˜ ą we have g P g ¨ V˜ Ďă V˜ ą.
And g ¨ V˜ is open in H , because the left multiplication is a homeomorphism of H and V˜
is open in H . For g R V˜ we get pg ¨ V˜ qX ă V˜ ą“ H. Hence H1z ă V˜ ą is open.
With the theorem over the local description of Lie groups we find a unique manifold
structure on H such that H is a Lie group and pS1 X V q1 is an open submanifold in H .
We write H2 for the set H equipped with this Lie group structure and H1 for the set H
equipped with the original manifold structure that made H to an integral manifold of D.
Now we choose a chart ψ : Uψ Ñ Vψ of pS1 X V q1. Given g P H the map ψg : gUψ Ñ
Vψ , h ÞÑ φpλg´1 phqq is a chart of H2 around g. Because the left multiplication on H1 is
a diffeomorphism, ψg is a chart of H1 around g. Hence H1 and H2 have a common atlas
and must therefore coincide.
Now we can proof Theorem 3.1:
Proof. Again we define D :“
Ť
gPG Tλgphq. The vector field with parameters X : Gˆ hÑ
TG, pg, vq ÞÑ Tλgpvq obviously satisfies the conditions (1)–(3) of Theorem 2.10. Also
condition (4) is satisfied, because Φ: R ˆ G ˆ h Ñ G, pt, g, vq ÞÑ λgpexpGptvqq is a local
flow with parameters of X which follows from
d
dt
ˇˇˇ
t“0
Φpt, g, vq “ Tλgpvq “ Xpg, vq.
A Flows of vector fields on infinite-dimensional
manifolds
Except of the Lemmas A.7 and A.8, that come from [3], the definitions, theorems and
proofs are straightforward generalisations of the well-known case of flows of Banach man-
ifolds as it can be found in [10, Chapter 1] as all ready mentioned in the introduction. We
recall this constructions for the convenience of the reader.
Convention. Throughout this section E will be a locally convex space, r P N and M a
Cr-manifold modelled over E.
Definition A.1. A C1-curve γ : I ÑM is called integral-curve of a vector field X : M Ñ
TM , if γ1ptq “ Xpγptqq for t P I.
Definition A.2. If Ω Ď R ˆM is open and Φ: Ω Ñ M , pt, xq ÞÑ Φpt, xq “: Φtpxq is a
Cr-map such that
(a) t0u ˆM Ď Ω,
(b) Φ0pxq “ x for all x PM and
(c) given x PM we can find an x-neighbourhood U ĎM and an open symmetric Interval
I such that I ˆ U Ď Ω, I ˆ ΦpI ˆ Uq Ď Ω and ΦspΦtpyqq “ Φs`tpyq for y P U and
s, t P I with s` t P I,
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then we call Φ a local Cr-R-action on M .
Lemma A.3. Given a local Cr-R-action Φ: Ω Ñ M and x P M , we can find a pair
pI, Uq of an open symmetric interval I Ď R and an open x-neighbourhood U Ď M like in
A.2.c such that Φt|U : U Ñ ΦtpUq is a diffeomorphism between open subsets of M with the
inverse function Φ´t|ΦtpUq : ΦtpUq Ñ U for all t P I.
Proof. Let I 1 Ď R be an open symmetric interval and U 1 ĎM be an open x-neighbourhood
such that Definition A.2.c holds. It is clear that Φt|U 1 is injective for all t P I
1.
Let I Ď I 1 be an open symmetric interval and U Ď U 1 be an open x-neighbourhood
such that ΦpI ˆ Uq Ď U 1. We have y “ Φ´t ˝Φtpyq and Φtpyq P U
1 for all y P U and t P I
and get Φtpyq “ pΦ´t|U 1q
´1pyq. We see ΦtpUq “ pΦt|U 1q
´1pUq and conclude that ΦtpUq is
open in U 1 respectively M .
It is clear that Φ´t|ΦtpUq : ΦtpUq Ñ U is a C
r-inverse function to Φt|U .
Definition A.4. A local Cr-R-action Φ: ΩÑM is called local flow of a Cr- vector field
X : M Ñ TM if BBt
ˇˇ
t“0
Φpt, xq “ Xpxq for all x PM . In this situation we also say that the
vector field X provides a local flow.
Lemma A.5. For a Cr´1-vector field X : M Ñ TM and a local Cr-action Φ: Ω Ñ M
the following conditions are equivalent:
(a) Φ: ΩÑM is a local flow for X.
(b) Given x P M we can choose an open symmetric interval I Ď R and an open x-
neighbourhood U ĎM like Definition A.2.c and get BBs
ˇˇ
s“t
Φps, yq “ XpΦpt, yqq for all
t P I and y P U .
Proof. (a)ñ(b): We calculate
B
Bs
ˇˇˇ
s“t
Φps, yq “
B
Bs
ˇˇˇ
s“0
Φps` t, yq “
B
Bs
ˇˇˇ
s“0
ΦspΦtpyqq “ XpΦtpyqq.
(b)ñ(a): We have BBt
ˇˇ
t“0
Φpt, xq “ XpΦ0pxqq “ Xpxq.
The above lemma leads directly to the following theorem.
Theorem A.6. If X : M Ñ TM is a Cr´1-vector field that provides a local flow and
x PM , then we can find an integral-curve γ : I ÑM of X on an open symmetric interval
I with γp0q “ x.
The following Lemmas A.7 and A.8 as well as their proofs come from [3]. We only
recall them for the convenience of the reader. They wear also cited in [1, Chapter 1].
Lemma A.7. Let Φ: Ω Ñ M be a local Cr-R-action, x P M , I be an open symmetric
interval and U Ď M be an x-neighbourhood like in Definition A.2.c. Because Φ is con-
tinuous we find an open symmetric interval I 1 Ď I and an open x-neighbourhood W Ď U
such that ΦpI 1 ˆW q Ď U . In this situation we have W Ď ΦtpUq for t P I
1.
Proof. Given t P I 1 and z P W we have z P U and so ΦtpΦ´tpzqq “ Φ0pzq “ z. With
Φ´tpzq P U we get z P ΦtpUq.
Lemma A.8. If X : M Ñ E is a Cr´1-vector field that provides a local flow, L Ď R is
an interval, ϕ, ψ : L Ñ M are integral-curves for X and t0 P L with ϕpt0q “ ψpt0q, then
ϕ “ ψ.
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Proof. Let Φ: ΩÑM be a local flow for X . Obviously the curves ϕ and ψ are automat-
ically Cr-curves. We define T :“ tt P L : ϕptq “ ψptqu Ď L. The set T is closed in L,
because ϕ and ψ are continuous and the diagonal in M ˆM is closed. Moreover T ‰ H,
because t0 P T . We get T “ J , if we can show that T is open, because J is connected.
Let t1 P T . We have to construct a δ ą 0 such that st1 ´ δ, t1 ` δrXJ Ď T .
Let x1 :“ ϕpt1q “ ψpt1q. We find an open symmetric interval I Ď R and an open x1-
neighbourhood U ĎM like in Definition A.2.c. Next we choose an open symmetric interval
J Ď I, an open x1-neighbourhood P Ď U with ΦpJ ˆP q Ď U , an open symmetric interval
J 1 Ď J and an open symmetric x1-neighbourhoodW Ď P such that ΦpJ
1ˆW q Ď P . Now
we get W Ď ΦtpP q for t P J
1 with Lemma A.7.
Given x P P we define αx : J ÑM , αxptq “ Φtpxq. For t P J we get
x “ Φ´tpΦtpxqq “ Φp´t,Φpt, xqq.
Derivation in t on both sides leads to
0 “
d
dt
Φp´t,Φpt, xqq “ TΦp´‚,Φp‚, xqqpt, 1q
“TΦ ˝ pT p´idRq, TΦp‚, xqqpt, 1q “ TΦpp´t, 1q, α
1
xptqq
“TΦp‚, αxptqqp´t,´1q ` TΦp´t, ‚qpα
1
xptqq
“p´1q ¨
B
Bs
ˇˇˇ
s“´t
Φspαxptqq ` T pΦ´tqpα
1
xptqq
“ ´XpΦ´tpαxptqqq ` T pΦ´tqpα
1
xptqq (27)
where we deduced αxptq P V from x P P and t P J in order to show (27). Altogether we
have shown equation (27) for x P P and t P J .
Now let w P W and t P J 1. We find x P P with Φtpxq “ w. Like above we define
αxpsq :“ Φspxq for s P J and get 0 “ ´XpΦ´spαxpsqqq ` T pΦ´sqpXpαxpsqqq for s P J .
Hence
0 “ ´XpΦ´tpwqq ` T pΦ´tqpXpwqq, (28)
because t P J 1 Ď J and αxptq “ w. (28) holds for w PW and t P J
1.
Because ϕ is continuous, we find δ P J 1Xs0,8r such that ϕ pst1 ´ δ, t1 ` δrXLq Ď W .
We define the C1-map h : s ´ δ, δrÑ M , hptq “ Φ´tpϕpt ` t1qq. Given t Ps ´ δ, δr we
conclude
h1ptq “ TΦp´‚, ϕp‚` t1qqpt, 1q “ TΦ ˝ pT p´idRq, Tϕp‚` t1qqpt, 1q
“TΦpp´t,´1q, ϕ1pt` t1qq
“TΦp‚, ϕpt` t1qqp´t,´1q ` TΦp´t, ‚qpϕ
1pt` t1qq
“ ´XpΦ´tpϕpt` t1qqq ` TΦp´t, ‚qpXpϕpt ` t1qqq “ 0
where we used ϕpt`t1q PW and (28). Thus h is constant, because intervals are connected.
We have hp0q “ ϕpt1q and so Φ´tpϕpt ` t1qq “ ϕpt1q for all t Ps ´ δ, δr. After shrinking δ
we assume ψpst1 ´ δ, t1 ` δrXLq ĎW . A similar calculation as above shows
Φ´tpϕpt ` t1qq “ ϕpt1q “ ψpt1q “ Φ´tpψpt` t1qq
for t Ps ´ δ, δr. The map Φt|P is injective and ϕptq, ψptq P W Ď P . Thus ϕ|st1´δ,t1`δr “
ψ|st1´δ,t1`δr.
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Definition A.9. Given a Cr´1-vector field X : M Ñ TM that provides a local flow and
x PM we define Ix :“
Ť
γ Iγ , where the union is taken over all integral-curves γ : Iγ ÑM
of X with 0 P Iγ and γp0q “ x. In this situation
γx : Ix ÑM, t ÞÑ γptq for t P Iγ
is a well-defined map and an integral-curve for X . We call γx the maximal integral-curve
of X that maps 0 to x.
Proof. If t P Iγ1 X Iγ2 “: I, then γ1ptq “ γ2ptq, because 0, t P I and γi|I : I Ñ M are
integral-curves of X with γ1p0q “ γ2p0q. We get γ1|I “ γ2|I .
Lemma A.10. Let X : M Ñ TM be a Cr´1-vector field, x P M and t P Ix. We write
y :“ γxptq and get Ix ´ t “ Iy and γxpτ ` tq “ γypτq for τ P Iy.
Proof. Defining ϕ1 : Ix´tÑM , t ÞÑ γxpτ`tq, we have ϕ
1
1ptq “ γ
1
xpτ`tq “ Xpγxpτ`tqq “
Xpϕ1pτqq. From t P Ix we deduce 0 P Ix ´ t and ϕ1p0q “ y. Hence
Ix ´ t Ď Iy and (29)
γypτq “ ϕ1pτq for τ P Ix ´ t. (30)
We define ϕ2 : Iy ` tÑM , τ ÞÑ γypτ ´ tq. With (29) and 0 P Ix we get ´t P Ix ´ t Ď Iy.
Therefore 0 P Iy ` t. With (30) we calculate ϕ2p0q “ γyp´tq “ ϕ1p´tq “ γxp0q “ x.
Obviously ϕ12pτq “ Xpϕ2pτqq for τ P Iy ` t. Thus Iy ` t Ď Ix and so Ix ´ t “ Iy , because
of (29). Using (29) again we get γypτq “ γxpτ ` tq.
Definition A.11. Let X : M Ñ TM be a Cr´1-vector field that provides a local flow,
x P M and γx : Ix ÑM be the maximal integral-curve of X that maps 0 to x. We define
ΩX :“
Ť
xPM Ix ˆ txu Ď RˆM and call the map Φ
X : ΩX ÑM , px, tq ÞÑ γxptq the global
flow of the vector field X . Given t P R we also define the set ΩXt :“ tx PM : pt, xq P Ωu Ď
M .
In the following proof of Theorem A.12 we follow the ideas of the proof of [10, Theo-
rem 1.16] that is formulated for Banach manifolds but works also for manifolds that are
modelled over locally convex spaces.
Theorem A.12. In the situation of Definition A.11 ΩX is open in RˆM and ΦX is a
Cr-map. Moreover
ps,ΦXpt, xqq P ΩX ô pt` s, xq P ΩX , (31)
for pt, xq P ΩX and s P R and in this situation
ΦXps,ΦXpt, xqq “ ΦXpt` s, xq. (32)
Proof. The relation (33) and the equation (34) follow directly from Lemma A.10. It
remains to show the openness of Ω and the differentiability-assertion of Φ.
First, we mention a trivial fact. For every x P M we find a symmetric interval I and
an x-neighbourhood V ĎM such that I ˆ V Ď Ω and Φ is of class Cr on I ˆ V .
Let x0 PM and
Q :“ tb ą 0 : p@ 0 ď t ă bq pD pt, x0q ´ neighbourhood W Ď Ωq Φ|W is C
ru .
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Obviously Q ‰ H. We show Ix0 X r0,8rĎ Q.
First case: Q Ď R has no upper bound. Then obviously the assertion holds.
Second case: Q has an upper bound. Defining b :“ supQ, we show b ą Ix0 . Assume
b ď Ix0 . Then b P Ix0 . Now let J Ď R be an open symmetric interval and V Ď M be a
Φpb, x0q-neighbourhood such that JˆV Ď Ω and Φ|JˆV is of class C
r. Because Ix0 ÑM ,
τ ÞÑ Φpτ, x0q is continuous, we find t1 Ps0, br with Φpt1, x0q P V and b ´ t1 P J . Moreover
we find an interval I and a x0-neighbourhood U ĎM such that I ˆ U Ď Ω and Φ|IˆU is
of class Cr, because t1 P Q. After shrinking I and U , we assume ΦpI ˆ Uq Ď V , because
Φpt1, x0q P V .
We define J 1 :“ J ` t1. For t P J
1 and x P U , we have pt ´ t1,Φpt1, xqq P J ˆ V Ď Ω
and so we get pt, xq P Ω with (33). Hence J 1 ˆ U Ď Ω. Moreover
Φpt, xq “ Φpt´ t1
PJ
,Φpt1, xq
PV
q
for t P J 1 and x P U and Φ|JˆV is a C
r-map. Thus J 1 ˆU Ď Ω and Φ|J 1ˆU is of class C
r.
But we also have b P J 1 and J 1 is open. This is a contradiction to b “ supQ.
In the analogous way we see Ix0Xs ´8, 0s Ď Q and conclude Ix0 Ď Q.
Lemma A.13. If X : M Ñ TM is a Cr´1-vector field that provides a local flow and t P R,
then ΦXt pΩ
X
t q “ Ω
X
´t and Φ
X
t : Ω
X
t Ñ Ω
X
´t is a diffeomorphism between open sets of M
with inverse function ΦX´t.
Proof. It is sufficient to show ΦXt pΩ
X
t q “ Ω
X
´t. To this end let x P Ωt. From (33) we know
p´t,Φtpxqq P Ω
X ô p0, xq P ΩX . Because the latter is true we get the Inclusion "Ď". Given
p´t, xq P ΩX we get pt,Φ´tpxqq P Ω
X with (33). Moreover we have x “ ΦXt pΦ´tpxqq.
Definition A.14. Let P be a locally convex space.
(a) If Ω Ď RˆM ˆ P is open and Φ: ΩÑM is a Cr-map such that
(i) t0u ˆM ˆ P Ď Ω
(ii) Φp0, x, pq “ x for all x PM and p P P .
(iii) For all x PM , p P P we find a symmetric interval I, a x-neighbourhood U and a
p-neighbourhood V such that IˆUˆV Ď Ω, Iˆ
Ť
pPP ΦpIˆU ˆtpuqˆtpu Ď Ω
and Φpt,Φps, x, pq, pq “ Φpt` s, x, pq,
then we call Φ a Cr-R-action on M with parameters. Obviously Φ: ΩÑM is a Cr-R-
action on M with parameters if and only if, Φ˜ : ΩÑM ˆ P , pt, x, pq ÞÑ pΦpt, x, pq, pq
is a local Cr-action on M ˆ P .
(b) A Cr´1-mapX : MˆP Ñ TM is called vector field with parameters, ifXp‚, pq P VpMq
for all p P P . We say that X provides a local flow with parameters, if we find a local
Cr-R-action on M with parameters such that BBt
ˇˇ
t“0
Φpt, x, pq “ Xpx, pq. Obviously
the vector field Xp‚, pq provides a local flow for all p P P . Moreover it is clear that
X provides a local flow with parameters if and only if X˜ : M ˆ P Ñ T pM ˆ P q “
TM ˆ P ˆ P , px, pq ÞÑ pXpx, pq, p, 0q provides a local flow.
(c) Given is a vector field with parametersX : MˆP ÑM that provides a local flow with
parameters, we define Ix,p :“
Ť
γ Iγ , where the union is taken over all integral-curves
γ : Iγ Ñ M of Xp‚, pq with 0 P Iγ and γp0q “ x. Then γx,p : Ix,p Ñ M, t ÞÑ γptq
for t P Iγ is a well-defined map and an integral-curve for Xp‚, pq. We call γx,p the
maximal integral-curve of X with parameter p that maps 0 to x. Obviously γ : I ÑM
is the maximal integral curve for X with parameter p that maps 0 to x if and only
if γ˜ : I Ñ M ˆ P , t ÞÑ pγptq, pq is the maximal integral curve for X˜ that maps 0 to
px, pq.
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(d) We set ΩX :“
Ť
xPM,pPP Ix,pˆtxuˆtpu Ď RˆMˆP and define the map Φ
X : ΩX Ñ
M , pt, x, pq ÞÑ γx,pptq that we call the global flow with parameters for the vector field
X .
With the Definitions A.11 and A.14 we conclude that ΩX is open in RˆM ˆ P and
that ΦX is a Cr-map. Moreover given pt, x, pq P ΩX and s P R
ps,ΦXpt, x, pq, pq P ΩX ô pt` s, x, pq P ΩX , (33)
and in this situation
ΦXps,ΦXpt, x, pq, pq “ ΦXpt` s, x, pq. (34)
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